I. INTRODUCTION
It contains both momentum-and spin-dependent contributions, as can be seen using the Gordon decomposition [2] :
Furthermore, the charge density, the zero component of the four-vector, is negative (positive) semidefinite for the electron (positron). Note that this result can be used for electrons, by taking q = −e, or positrons, by taking q = +e. The identitȳ 
shows that it is not necessary to use v spinors in this expression. We know that this form of the current does not entirely represent the physics. It predicts a g-factor for the electron or positron magnetic moment of exactly 2. The experimental result is g e = 2 + 2(1159.65218091±0.00000026) × 10 −6 [3] . With quantum field theory, the corrections can be calculated. However it would be desirable to see a modified form of the current, taking into account these corrections, hopefully with the charge density remaining negative (positive) semidefinite. One way to do this would be to apply a scalar unitary transformation to the current.
There is a way, consistent with special relativity, of defining a spatial probability density for an electron or positron. In this paper we investigate whether this probability density can be taken as the zero component of a four-component probability current that transforms like the Dirac current and is conserved. We will find that this is not possible for the electron or positron, for a spinless particle or, in fact, for any spin.
If such a probability current were possible, we suppose that a charge current could be obtained simply by multiplying by the charge. If this were possible we might have a second way to construct a quantum electrodynamics, and would have to compare with the standard results. The impossibility of this construction gives us confidence in the Dirac current density as (close to) the correct representation of the physical current.
The spinless case was treated by Rosenstein and Horwitz [4] , where they claim to have constructed such a relativistic probability current. We find that they are in error.
The organization of this paper is as follows. First, in Section II, we review results on relativistic probability amplitudes and the construction of a total position probability density (summed over spins) for the electron or positron. In Section III we derive the fundamental commutation relations between the boost generators and a fourvector. We also find the representation of the boost generators as differential operators acting on momentum-spin component wavefunctions. In Section IV we construct the spatial components of what is possibly a four-vector probability current density for the electron/positron. Then we show that the second set of commutators from Section II is not satisfied for these four components. In Section V we briefly consider the spinless case and show, again, that a four-vector probability current density cannot be constructed. This requires examination of the result of Rosenstein and Horwitz to show where they are in error. The case of general spin is then considered, with the same conclusion of no possible four-vector probability current density. Conclusions follow in Section VI.
II. RELATIVISTIC PROBABILITY AMPLITUDES AND THE POSITION PROBABILITY DENSITY
We begin with the improper basis vectors, | p, m (m = ±1/2), that carry the unitary, irreducible representations of the Poincaré group [5] for free electrons and positrons. They are eigenvectors of four-momentum with eigenvalue components p µ = (ω, p) µ . We deal only with positive energies p 0 = ω = p 2 + m 2 e . The spin label, m, carries the representation of rotations in the rest frame. A charge label is to be understood, the only action necessary to distinguish positrons from electrons. We choose to give these basis vectors the covariant normalization
If we contruct a wavepacket state vector, a superposition of the basis vectors, normalized to unity, as
then Ψ m (p) can be interpreted as a momentum-spin component probability amplitude just as in the nonrelativistic theory. The normalization condition is
The expectations of the four-momentum operator and the rest-frame spin z-component operator are, respectively,
This is a covariant, but not manifestly covariant theory. That means that the Lorentz transformation properties of the expressions we write require a nontrivial derivation. In contrast, for a manifestly covariant formalism, the transformation properties of expressions are usually immediately obvious to the reader as those expressions are written in terms of tensors and objects with simple, known, transformation properties. The postulates of special relativity do not require that all quantities of physical interest transform as scalars, four-vectors and tensors. In combination with the rules of quantum mechanics, they merely require that such transformations be well-defined and unitary (or antiunitary in the case of time reversal) and depend only on the translation, rotation or boost parameters.
The unitary transformations of the Ψ m (p) can be easily derived [6] . The technique is to apply the unitary (or antiunitary) transformation to | ψ and thus to the basis vectors, then manipulate the expression into the form
then extract the Ψ ′ m (p) by orthonormality. The transformation rules for the Poincaré transformations are:
where β 0 is the boost velocity, γ 0 = 1/ 1 − β 2 0 and β = p/ω is the velocity of the particle. For the inversions, we have
In these expressions W is a matrix element of a Wigner rotation, which can be evaluated by
where
and Λ(β) is a function of the boost velocity, β. Explicit forms of the Wigner rotations are given in [7] . Two successive, noncollinear, boosts (from the rest momentum to p and then from p to Λp) produce a boost (from the rest momentum to Λp) preceded by a rotation in the rest frame. This is the physics behind the Thomas precession [8] . These transformations are all unitary (antiunitary for time reversal) in that they preserve the modulus-squared of the scalar product
The improper state vector for an electron or positron localized at position x at time t with spin z-component m is given by Newton and Wigner [9] (with
At equal times, these satisfy the orthogonality (and normalization) condition
Note that the spin component in each rest frame becomes the spin component at a position and time.
The amplitudes for our state vector on this basis are then
a Fourier transform of the momentum-spin component amplitudes as in the nonrelativistic theory, with the form of the energy changed. The unitary/antiunitary transformations of these position-spin component amplitudes are given in [6] . We merely note that a boost transformation involves a nonlocal transformation of the amplitudes. Now the total position probability density operator, summed over spin components, is the projector
We want to investigate whether this operator can be the zero component of a four-component probability current density that transforms locally as a four-vector function of the spacetime coordinates. A possible obstacle to this is the fact that ρ(x), unitarily transformed on its own, transforms nonlocally. For comparison, the Dirac charge density with a factor of the charge removed can be written
with
and
The | x, a boost locally.
III. THE COMMUTATORS BETWEEN THE BOOST GENERATORS AND THE COMPONENTS OF A FOUR-VECTOR
Under the Lorentz transformations as defined, the spacetime origin is invariant, so we need only attempt to construct J µ (0), which is then required to transform as a four-vector. Then we may translate it to general x using Eq. (2). For a boost by infinitesimal rapidity, ζ, Eq. (1) becomes
This gives the two sets of commutators
We need the representation of the boost generators, K, acting on the Ψ m (p). We take
with Ψ ′ m (p) given by the third equation of the set Eq. (11), approximated to first order in ζ. We need to approximate the explicit formula for the Wigner rotation. We find
where the σ are the usual Pauli matrices. We note that this representation of the operator is explicitly Hermitian, as it must be since the form of the scalar product is simply given by Eq. (15). The anticommutator of two operators is defined by {A, B} = AB + BA.
definite role to play in quantum field theory. If one is to construct a realistic description of a scattering experiment, one needs to describe the essentially free initial and final states with wavepackets, with the probability distributions in momentum, position and spin specified. To do this it is essential to use relativistic probability amplitudes. In addition, it has been shown that the use of wavepackets eliminates some divergences in scattering calculations [14] .
